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FLAG-TRANSITIVE BLOCK DESIGNS AND FINITE
EXCEPTIONAL SIMPLE GROUPS OF LIE TYPE
SEYED HASSAN ALAVI
Abstract. In this article, we study 2-designs whose replication number is co-
prime to the parameter λ and admitting a flag-transitive almost simple automor-
phism group with socle a finite exceptional simple group of Lie type. We obtain
four infinite families of such designs and provide some examples in these families.
1. Introduction
A 2-design D with parameters (v, k, λ) is a pair (P,B) with a set P of v points
and a set B of blocks such that each block is a k-subset of P and each two distinct
points are contained in λ blocks. We say D is nontrivial if 2 < k < v − 1, and
symmetric if v = b, where b is the number of blocks of D. Each point of D is
contained in exactly r = bk/v blocks which is called the replication number of D.
We note that in a symmetric design r is also k. An automorphism group of D is a
subgroup of the symmetric groups on v points permuting the blocks and preserving
the incidence relation. A flag of D is a point-block pair (α,B) such that α ∈ B.
An automorphism group G of D is called flag-transitive if G acts transitively on the
set of flags. The group G is said to be point-primitive if G acts primitively on P.
A group G is said to be almost simple with socle X if X E G 6 Aut(X), where
X is a nonabelian simple group. We here write Altn and Symn for the alternating
group and the symmetric group on n letters, respectively, and we denote by “n” the
cyclic group of order n. We also adopt the standard Lie notation for groups of Lie
type, for example, we write An−1(q) and A
−
n−1(q) in place of PSLn(q) and PSUn(q),
respectively, D−n (q) instead of PΩ
−
2n(q), and E
−
6 (q) for
2E6(q). We may also assume
q > 2 when G = G2(q) since G2(2) is not simple and G2(2)
′ ∼= A−2 (3). Moreover, we
view the Tits group 2F4(2)
′ as a sporadic group. Further notation and definitions in
both design theory and group theory are standard and can be found, for example,
in [6, 8, 12, 16].
The main aim of this paper is to study 2-designs with flag-transitive automor-
phism groups. In 1988, Zieschang [27] proved that if an automorphism group G of
a 2-design with gcd(r, λ) = 1 is flag-transitive, then G is a point-primitive group
of almost simple or affine type. Such designs admitting an almost simple automor-
phism group with socle being an alternating group or a sporadic simple group have
been studied in [23, 24, 25, 26]. This problem for symmetric designs of affine type
automorphism groups and almost simple groups with socle a finite exceptional sim-
ple group have also been treated in [2, 4]. This paper is devoted to investigating the
2-designs with gcd(r, λ) = 1 and flag-transitive almost simple automorphism groups
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whose socle is a finite exceptional simple group of Lie type. Here we extend our
result [2, Corolary 1.3], and prove that there exist only four of such 2-designs none
of which is symmetric:
Theorem 1.1. Let D = (P,B) be a non-trivial (v, k, λ) design with λ > 1, and let
G be a flag-transitive automorphism group of D whose socle X is a finite exceptional
simple group of Lie type. Let also H = Gα and K = GB, for a flag (α,B) of D. If
the replication number r of D is coprime to λ, then H is a parabolic subgroup of G
and one of the following holds:
(a) X = 2B2(q), H ∩X ∼= q
2:(q−1) and K ∩X ∼= q:(q−1) with q = 2a and a > 3
odd, and D is a block design with parameters v = q2+1, b = q(q2+1), r = q2,
k = q and λ = q − 1;
(b) X = 2G2(q) and H ∩X ∼= q
3:(q− 1), and K ∩X is isomorphic 2×A1(q) with
q = 3a > 27, and D is the Ree Unital space UR(q) with parameters v = q
3+1,
b = q2(q2 − q + 1), r = q2, k = q + 1 and λ = 1;
(c) X = 2G2(q), H ∩ X ∼= q
3:(q − 1) and K ∩ X ∼= q:(q − 1) with q = 3a and
a > 3 odd, and D is a block design with parameters v = q3+1, b = q2(q3+1),
r = q3, k = q and λ = q − 1;
(d) X = 2G2(q), H ∩ X ∼= q
3:(q − 1) and K ∩ X ∼= q2:(q − 1) with q = 3a and
a > 3 odd, and D is a block design with parameters v = q3 + 1, b = q(q3 + 1),
r = q3, k = q2 and λ = q2 − 1.
In order to prove Theorem 1.1 in Section 4, we first observe that the group G
is point-primitive, and so the point-stabiliser H is maximal in G. In particular,
flag-transitivity of G implies that H is large, that is to say, |G| 6 |H|3, and then
we can apply [2, Theorem 1.6] in which the large maximal subgroups of almost
simple groups whose socle X are the finite exceptional simple groups of Lie type
are determined. We then analyse all possible cases and prove that the only possible
designs are those in Theorem 1.1. We also provide some examples for small values
of q in Section 2.
2. Examples and comments
In this section, we give some examples of designs appearing in Theorem 1.1. We
note that all groups X in parts (a)-(d) of Theorem 1.1 are 2-transitive in their coset
actions of the maximal parabolic subgroups H ∩ X in X , and so by [7, 2.2.8], the
groups X are also flag-transitive.
The Ree Unital spaces UR(q) are first discovered by Lu¨neburg [19], and these
examples arose from studying flag-transitive linear spaces [11, 13]. The points and
lines of of UR(q) are the Sylow 3-subgroups and the involutions of
2G2(q), respec-
tively, and a point is incident with a line if the line normalizes the point. This
incidence structure is a linear space and any group with 2G2(q) 6 G 6 Aut(
2G2(q))
acts flag-transitively. Note for q = 3 that the Ree Unital UR(3) is isomorphic to the
WittBoseShrikande space W (8) as 2G2(3)
′ is isomorphic to A1(8).
For the parts (a), (c) and (d), we note in all cases that K0 = K ∩X is isomorphic
to a subgroup of a parabolic subgroup M0 which is conjugate to H0 = H ∩ X .
Moreover, H0 ∩ K0 is a cyclic group of order q − 1. Thus K0 has an orbit B of
length k as in part (a), (b) or (c) in Theorem 1.1. Suppose that P = {1, . . . , v}.
Then since X is 2-transitive, it follows from Proposition 4.6 in [3] that (P, BX) is a
2-design with parameters (v, b, r, k, λ).
3Table 1. Designs with flag-transitive and point-primitive automor-
phism groups 2B2(8),
2B2(32) and
2G2(27).
Nr. X H ∩X K ∩X v b r k λ Comments
1 2B2(8) 2
3+3:7 23:7 65 520 64 8 7 Theorem 1.1(a)
Base block:
B = { 1, 4, 5, 10, 32, 48, 52, 55 }
Nr. X H ∩X K ∩X v b r k λ Comments
2 2B2(32) 2
5+5:31 25:31 1025 32800 1024 32 31 Theorem 1.1(a)
Base block:
B = { 1, 44, 69, 77, 97, 106, 153, 204, 251, 273, 300, 317, 319, 326, 333, 361, 374, 383, 393, 401, 423, 459, 594, 601,
608, 666, 823, 841, 931, 976, 1015, 1024 }
Nr. X H ∩X K ∩X v b r k λ Comments
3 2G2(27) 3
3+3+3:26 33:26 19684 551853 19683 27 26 Theorem 1.1(c)
Base block:
B1 = { 1, 54, 676, 941, 1426, 1443, 1464, 1902, 1910, 3984, 4612, 4813, 4884, 5223, 5849, 8312, 8423, 8670, 9369,
11678, 11765, 13032, 13580, 14087, 15253, 16549, 17856 }
B2 = { 1, 42, 95, 1385, 3667, 3964, 5173, 5447, 5974, 6757, 6772, 7263, 8170, 9075, 10131, 10447, 11119, 11292,
12766, 12874, 13493, 13786, 14163, 16504, 16618, 17126, 19415 }
Nr. X H ∩X K ∩X v b r k λ Comments
4 2G2(27) 3
3+3+3:26 33+3:26 19684 20439 19683 729 728 Theorem 1.1(d)
Base block:
B = { 1, 42, 51, 54, 58, 63, 86, 95, 102, 124, 142, 153, 195, 371, 409, 420, 438, 471, 540, 575, 606, 610, 676, 704,
711, 734, 809, 819, 832, 857, 885, 934, 935, 941, 1041, 1042, 1064, 1108, 1246, 1305, 1355, 1357, 1362, 1366, 1375,
1377, 1385, 1388, 1423, 1426, 1433, 1442, 1443, 1464, 1478, 1509, 1538, 1547, 1550, 1729, 1745, 1758, 1779, 1794,
1798, 1818, 1841, 1849, 1873, 1902, 1903, 1910, 1926, 1965, 1970, 1995, 2022, 2074, 2086, 2089, 2103, 2121, 2198,
2207, 2220, 2224, 2294, 2316, 2399, 2407, 2414, 2415, 2430, 2439, 2441, 2471, 2539, 2550, 2731, 2749, 2838, 2846,
2849, 2892, 2930, 2962, 2987, 2994, 3014, 3038, 3074, 3104, 3106, 3123, 3136, 3161, 3238, 3258, 3328, 3333, 3342,
3363, 3365, 3373, 3375, 3376, 3440, 3492, 3498, 3508, 3517, 3555, 3593, 3606, 3634, 3667, 3686, 3755, 3767, 3769,
3800, 3819, 3852, 3875, 3881, 3891, 3909, 3913, 3925, 3942, 3954, 3964, 3984, 3993, 4069, 4102, 4115, 4123, 4134,
4151, 4173, 4223, 4262, 4271, 4289, 4350, 4375, 4378, 4385, 4404, 4459, 4539, 4608, 4612, 4644, 4654, 4713, 4750,
4766, 4779, 4813, 4884, 4991, 5017, 5070, 5097, 5111, 5128, 5154, 5172, 5173, 5218, 5223, 5275, 5320, 5346, 5378,
5398, 5401, 5447, 5450, 5468, 5490, 5500, 5521, 5592, 5666, 5713, 5724, 5742, 5752, 5788, 5847, 5849, 5881, 5895,
5898, 5901, 5915, 5932, 5974, 5979, 6019, 6029, 6043, 6051, 6062, 6109, 6114, 6124, 6190, 6194, 6213, 6220, 6236,
6264, 6277, 6306, 6311, 6448, 6482, 6497, 6510, 6559, 6566, 6626, 6629, 6666, 6698, 6704, 6708, 6734, 6741, 6757,
6768, 6772, 6777, 6862, 6872, 6873, 6943, 6944, 6973, 6976, 6990, 7030, 7044, 7108, 7154, 7163, 7234, 7255, 7257,
7263, 7323, 7327, 7334, 7338, 7342, 7395, 7458, 7472, 7522, 7544, 7561, 7572, 7592, 7604, 7613, 7629, 7657, 7672,
7681, 7687, 7688, 7758, 7797, 7799, 7800, 7806, 7834, 7839, 7873, 7894, 8043, 8049, 8057, 8085, 8157, 8158, 8168,
8170, 8194, 8197, 8202, 8253, 8260, 8276, 8289, 8293, 8299, 8312, 8423, 8481, 8487, 8488, 8554, 8593, 8670, 8687,
8716, 8754, 8760, 8782, 8827, 8865, 8880, 8884, 8897, 8951, 8998, 9001, 9068, 9075, 9079, 9139, 9158, 9197, 9225,
9253, 9349, 9355, 9366, 9369, 9382, 9427, 9451, 9471, 9581, 9611, 9655, 9677, 9679, 9750, 9780, 9872, 9947, 9991,
10010, 10078, 10095, 10113, 10116, 10121, 10131, 10155, 10258, 10285, 10290, 10351, 10381, 10402, 10409, 10447,
10465, 10473, 10545, 10632, 10667, 10703, 10726, 10751, 10786, 10870, 10947, 10967, 10976, 11000, 11002, 11044,
11048, 11053, 11064, 11107, 11119, 11177, 11181, 11231, 11237, 11252, 11280, 11292, 11296, 11357, 11373, 11404,
11405, 11420, 11458, 11500, 11522, 11528, 11536, 11569, 11591, 11647, 11678, 11728, 11765, 11825, 11834, 11839,
11840, 11841, 11870, 11902, 11948, 12019, 12089, 12110, 12111, 12157, 12170, 12194, 12209, 12256, 12263, 12268,
12299, 12301, 12364, 12393, 12431, 12434, 12491, 12554, 12563, 12586, 12594, 12639, 12661, 12692, 12757, 12766,
12773, 12798, 12807, 12815, 12843, 12874, 12876, 12900, 12912, 12913, 12920, 12921, 12922, 12923, 12925, 12951,
13016, 13032, 13074, 13088, 13097, 13131, 13143, 13166, 13195, 13217, 13219, 13230, 13249, 13250, 13276, 13293,
13326, 13329, 13351, 13362, 13364, 13368, 13391, 13454, 13471, 13485, 13493, 13499, 13525, 13580, 13581, 13603,
13625, 13786, 13812, 13817, 13826, 13917, 13920, 13929, 13948, 13967, 14020, 14067, 14087, 14138, 14157, 14163,
14246, 14247, 14261, 14279, 14281, 14303, 14312, 14339, 14344, 14494, 14497, 14546, 14557, 14624, 14632, 14651,
14694, 14695, 14707, 14711, 14750, 14759, 14762, 14777, 14837, 14894, 14917, 14931, 14950, 14962, 15004, 15071,
15086, 15095, 15112, 15131, 15147, 15150, 15156, 15182, 15217, 15253, 15263, 15301, 15318, 15369, 15399, 15427,
15519, 15559, 15561, 15568, 15573, 15609, 15611, 15628, 15677, 15685, 15723, 15746, 15787, 15793, 15816, 15819,
15827, 15833, 15848, 15944, 15958, 15993, 16043, 16060, 16077, 16100, 16212, 16215, 16228, 16334, 16349, 16359,
16423, 16472, 16504, 16522, 16549, 16568, 16618, 16619, 16629, 16643, 16654, 16682, 16724, 16725, 16730, 16768,
16776, 16821, 16825, 16842, 16913, 16965, 16987, 17004, 17044, 17055, 17086, 17093, 17119, 17126, 17150, 17180,
17247, 17302, 17303, 17364, 17382, 17437, 17458, 17480, 17492, 17511, 17514, 17533, 17588, 17628, 17658, 17692,
17696, 17737, 17801, 17856, 17864, 17917, 17919, 17925, 17931, 17943, 17969, 18134, 18137, 18166, 18173, 18178,
18244, 18264, 18293, 18351, 18353, 18354, 18363, 18407, 18425, 18434, 18441, 18476, 18495, 18523, 18525, 18594,
18651, 18660, 18675, 18730, 18765, 18777, 18810, 18836, 18840, 18866, 18896, 18906, 18992, 19047, 19068, 19100,
19121, 19125, 19131, 19171, 19256, 19261, 19342, 19415, 19418, 19450, 19487, 19504, 19526, 19533, 19534, 19588,
19592, 19593, 19608, 19613, 19629, 19646, 19656, 19678, 19682 }
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In Table 1, we give the base block B of D for the case where X is 2B2(8),
2B2(32) or
2G2(27). For each example in this table, we use the computer software
GAP [10] for computational arguments, and we also use the permutation represen-
tations of both groups and parabolic subgroups given in the web version of At-
las (http://brauer.maths.qmul.ac.uk/Atlas/v3/). As an example, the Suzuki
group 2B2(8) has a unique conjugacy class of the parabolic subgroup H0 = 2
3+3:7,
the conjugate subgroups M0 of H0 has one subgroup K0 of order 56 (up to conjuga-
tion) in M0, and this subgroup has exactly one orbit B = {1, 4, 5, 10, 32, 48, 52, 55}
of length 8, and so for P = {1, . . . , 65}, the incidence structure (P, BG) is a 2-
design with parameters (65, 520, 64, 8, 7). We note here that for the case where
X = 2G2(27) in Theorem 1.1(c), we obtain two base blocks in Table 1(Nr. 3).
These base blocks are orbits of two non-conjugate subgroups K0 in M0, and at this
stage we do not know if they are isomorphic.
3. Preliminaries
In this section, we state some useful facts in both design theory and group theory.
Lemma 3.1 below is an elementary result on subgroups of almost simple groups.
Lemma 3.1. [1, Lemma 2.2] Let G be an almost simple group with socle X, and let
H be maximal in G not containing X. Then G = HX and |H| divides |Out(X)| ·
|H ∩X|.
Lemma 3.2. Suppose that D is block design with parameters (v, k, λ) admitting a
flag-transitive and point-primitive almost simple automorphism group G with socle
X of Lie type in characteristic p. Suppose also that the point-stabiliser Gα, not
containing X, is not a parabolic subgroup of G. Then gcd(p, v − 1) = 1.
Proof. Note that Gα is maximal in G, then by Tits’ Lemma [22, 1.6], p divides
|G : Gα| = v, and so gcd(p, v − 1) = 1. 
If a group G acts on a set P and α ∈ P, the subdegrees of G are the size of orbits
of the action of the point-stabiliser Gα on P.
Lemma 3.3. [18, 3.9] If X is a group of Lie type in characteristic p, acting on the
set of cosets of a maximal parabolic subgroup, and X is neither An−1(q), Dn(q) (with
n odd), nor E6(q), then there is a unique subdegree which is a power of p.
Remark 3.4. We remark that even in the cases excluded in Lemma 3.3, many of
the maximal parabolic subgroups still have the property as asserted, see proof of
[21, Lemma 2.6]. In particular, for an almost simple group G with socle X = E6(q),
if G contains a graph automorphism or H = Pi with i one of 2 and 4, the conclusion
of Lemma 3.3 is still true.
Proposition 3.5. [7, 2.3.7(a)] and [27] Let D be a 2-design whose replication number
r is coprime to λ. If G is a flag-transitive automorphism group of D, then G is a
primitive group on points set and it is of almost simple or affine type.
Lemma 3.6. [25, Lemmas 5 and 6] Let D be a 2-design with prime replication
number r, and let G be a flag-transitive automorphism group of D. If α is a point
in P and H := Gα, then
(a) r(k − 1) = λ(v − 1). In particular, if r is coprime to λ, then r divides v − 1
and gcd(r, v) = 1;
5(b) vr = bk;
(c) r | |H| and λv < r2;
(d) r | d, for all nontrivial subdegrees d of G.
For a point-stabiliser H of an automorphism group G of a flag-transitive design
D, by Lemma 3.6(c), we conclude that λ|G| 6 |H|3, and so by [2, Theorem 1.6] we
have the list of possible point-stabiliser subgroups H of G.
Corollary 3.7. Let D be a symmetric design admitting a point-primitive and flag-
transitive almost simple automorphism group G with socle X being a finite excep-
tional simple group of Lie type, and let H = Gα, for a point α in D. Then H is
either parabolic, or one of the subgroups listed in Tables 2-3.
For a given positive integer n and a prime divisor p of n, we denote the p-part of
n by np, that is to say, np = p
t with pt | n but pt+1 ∤ n.
4. Proof of the main result
Suppose that D is a nontrivial (v, k, λ) design admitting a flag-transitive almost
simple automorphism group G with socle X being a finite exceptional simple group
of Lie type. Lemma 3.1 yields
v =
|X|
|H ∩X|
. (4.1)
If the replication number r is coprime to λ, then Proposition 3.5 implies that G
is point-primitive, or equivalently, the point-stabiliser H = Gα is maximal in G,
for some point α of D. We now apply Corollary 3.7 and conclude that H is either
parabolic, or one of the subgroups listed in Tables 2 and 3. We now run through
these possible subgroups and prove the main result.
We first assume that H is not parabolic. If X and H are as in one of the rows of
Table 2, then one can find the value of the parameter v and the explicit structure of
H in [2] and therein references. We now easily obtain a lower bound lv for v and an
upper bound ur for r as in the third and fourth columns of Table 2, respectively. For
each case recorded in Table 2, we observe that u2r < lv, and this implies that r
2 < v
which contradicts Lemma 3.6(c). If X and H ∩X are as in Table 3, then by (4.1)
and Lemma 3.6(c), the parameters v and r are as in the third and fourth columns
of Table 3, respectively. For each value of v, we also know that r divides v − 1, and
so for each pair (v, r), the parameter b must divide vr, and then the parameter k
can be obtained by k = vr/b, and finally we can find λ = r(k− 1)/(v− 1). We note
also that these parameters must satisfy λv < r2. We then observe that the list of
subgroups in Table 3 gives rise to no possible parameters.
Therefore, H is a parabolic subgroup of G. In what follows, we further assume
that K = GB and K0 = K ∩X , where B is a block containing α. We now continue
our argument by case by case analysis. We note here that the value of the parameter
v in each case, can be read off from [2, Table 4].
Suppose first that X = 2B2(q) and H ∩X = q
2:(q − 1) with q = pa = 22m+1 > 8.
We may assume by [14] that λ > 2. Then by (4.1), we have that v = q2 + 1, and so
|v−1|p = q
2. Note by Lemma 3.3 that G has a subdegree pc. Thus Lemma 3.6(a) and
(d) implies that r divides gcd(v−1, ps), and hence r = pt is a divisor of |v−1|p = q
2,
for some positive integer t 6 2a. Then Lemma 3.6(a) yields k = p2a−tλ + 1. Note
that b = rv/k, v = q2 + 1 and G is transitive on the set of blocks of D. Then
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|G : K| = b = pt(q2 + 1)/k, where K = GB with α ∈ B. Assume now that M0 is
a maximal subgroup of X containing K0 = K ∩ X . Then |X : M0| must divide b.
The knowledge of maximal subgroups of X = 2B2(q) shows that K0 embeds into a
parabolic subgroup M0 ∼= q
2:(q − 1) of index q2 + 1. Again, we must have |X : K0|
dividing b = pt(q2 +1)/k, and since q2+1 divides |X : K0|, it follows that k divides
pt. Since also k = p2a−tλ+ 1, we conclude that t = 2a and k = λ+ 1 = pn for some
n 6 2a, and hence r = q2 and b = p2a−n(q2+1). Moreover, [2, Corollary 1.3] implies
that n 6= 2a, and hence K0 is properly contained inM0. From now on we can assume
that M0 = (H0)β, for some β ∈ P. Moreover, as X is 2-transitive on points, [7,
2.2.8], the group X is also flag-transitive. We no apply [9, Lemma 2] and conclude
that Xα,β = H0 ∩M0 is isomorphic to a cyclic group of order q − 1 which has index
q2 in H0. But H0 ∩K0 = Xα,B is contained in Xα,β and |H0 : H0 ∩K0| = r = q
3.
Thus Xα,B = H0 ∩K0 = Xα,β, hence all subgroups of Xα,β fix the block B. Since
the non-trivial Xα,β-orbits are of length q− 1 or (q− 1)/2, it follows that B \ {α} is
union of non-trivial Xα,β-orbits, that is to say, (q − 1)/2 divides k − 1. Recall that
k = pn, for some 1 6 n < 2n. Therefore, k = q, as desired in part (a).
Suppose now that X = 2G2(q) and H ∩X = q
3:(q − 1) with q = pa = 32m+1 > 9.
(4.1), we have that v = q3 + 1. Lemma 3.3 implies that G has a subdegree ps.
Thus Lemma 3.6(a) and (d) implies that r divides gcd(v − 1, ps), and hence r = pt
is a divisor of |v − 1|p = q
3. Since also v < r2, it follows that 3a/2 < t 6 3a.
Lemma 3.6(a) yields k = p3a−tλ + 1. Since b = rv/k and v = q3 + 1, we have that
|G : K| = b = pt(q3 + 1)/k, where K = GB with α ∈ B. Let M be a maximal
subgroup of G containing K and M0 = K ∩M . Then M0 is a maximal subgroup of
X containing K0 = K ∩ X . Then |G : M | = |X : M0| is a divisor of b, and so by
running through the list of maximal subgroups of X =2G2(q) in [5, Table 8.43], we
find that the only possibilities are 2× A1(q) and q
3:(q − 1). If |G : X| = c with c a
positive integer dividing |Out(X)| = a, thenM is isomorphic to either (2×A1(q)) ·c,
or (q3:(q − 1)) · c.
Let firstM0 be isomorphic to 2×A1(q). Then q
2(q2−q+1) divides b = pt(q3+1)/k,
and so k divides pt−2a(q + 1) implying also that 2a 6 t. Note also that |X : K0|
divides b. Then by inspecting the maximal subgroups of A1(q) containing K0, we
easily observe that K0 is isomorphic to either A1(q), or 2 × A1(q). Since the point
stabiliser H is a solvable group, the subgroup A1(q) of K0 acts non-trivially on the
block B, and since q + 1 is the smallest degree of non-trivial action of A1(q), we
have that k > q + 1, or equivalently, λ > pt−2a with 2a 6 t 6 3a.
If k = p3a−tλ + 1 is coprime to p, then since k | pt−2a(q + 1), it follows that k
divides q + 1, that is to say, k 6 q + 1, or equivalently, λ 6 pt−2a. We have already
proved that k > q + 1 and λ > pt−2a. Therefore, k = q + 1, λ = pt−2a, r = pt and
b = pt(q2− q+1) with t > 2a. The assumption that r is coprime to λ forces t = 2a,
and so λ = 1. We now apply [14, Theorem A] and conclude that D is the Ree Unital
space with b = q2(q2 − q + 1), r = q2 and k = q + 1. This is part (b), as claimed.
If k = p3a−tλ + 1 is divisible by p, then k = λ + 1 and t = 3a. This implies
that r = q3 and k divides pt−2a(q + 1) = q(q + 1). Since b = q3(q3 + 1)/k and
|G : M | = q2(q2 − q + 1), it follows that |M : K| = q(q + 1) and |K| = ck(q − 1)
where c = |G : X|. This also implies that G = KX . Recall that K0 is isomorphic
to A1(q) or 2×A1(q), and so |M : K0| is m or 2m, respectively. On the other hand,
|M : K0| = |M : K| · |K : K0| = [q(q+1)/k] ·m. Therefore, k is q(q+1) or q(q+1)/2
if K0 is isomorphic to 2 × A1(q) or A1(q), respectively. Since b = p
3(q3 + 1)/k and
7λ = k − 1, if k = q(q + 1), then b = q2(q2 − q + 1) and λ = q2 + q − 1, and if
k = q(q+1)/2, then b = 2q2(q2− q+1) and λ = (q2+ q− 2)/2. This means in both
cases that q is not a divisor of |H ∩K|, and this is impossible by [20, Lemma 3.2].
Let now M0 ∼= q
3:(q − 1). Since H0 is the parabolic subgroup isomorphic to
q3:(q − 1), we may can assume that M0 = Xβ, for some β ∈ P. Moreover, X is
2-transitive, and so by [7, 2.2.8], the group X is also flag-transitive. Recall in this
case that r = pt is a divisor of |v − 1|p = q
3 and k = p3a−tλ + 1, for some positive
integer t 6 3a. As |G : M | = |X : M0| = q
3 + 1 divides b = pt(q3 + 1)/k, we
conclude that k divides pt. Since also k = p3a−tλ + 1, we conclude that t = 3a and
k = λ + 1 = pn for some n 6 3a, and hence r = q3 and b = p3a−n(q3 + 1). Note by
[2, Corollary 1.3] that n 6= 3a, and hence K0 is properly contained in M0. We now
apply [20, Lemma 3.2], and conclude that Xα,β = H0 ∩M0 is isomorphic to a cyclic
group of order q−1 which has index q3 in H0, and since H0∩K0 = Xα,B is contained
in Xα,β and |H0 : H0∩K0| = r = q
3, we conclude that Xα,B = H0∩K0 = Xα,β. This
in particular says that all subgroups of Xα,β fix the block B including L := Xα,β,γ,
for all γ ∈ B \ {β}. We know that L is generated by an involution, and hence
the non-trivial Xα,β-orbits are of length q − 1 or (q − 1)/2, respectively, when γ is
fixed by Xα,β or not. Since B is fixed by Xα,β, it follows that B \ {α} is union of
non-trivial Xα,β-orbits, that is to say, (q−1)/2 divides k−1. Recall that k = p
n, for
some 1 6 n < 3n. Therefore, k is q or q2, and hence λ is q−1 or q2−1, respectively,
and this follows parts (c) and (d).
Suppose that X = E6(q) and H ∩X = [q
16]:D5(q) · (q − 1). Then v = (q
8 + q4 +
1)(q9 − 1)/(q − 1). Note by [17] that G has nontrivial subdegrees q(q8 − 1)(q3 +
1)/(q − 1) and q8(q5 − 1)(q4 + 1)/(q − 1), and so by Lemma 3.6(d), we conclude
that r divides q(q4 + 1), and so Lemma 3.6(c) implies that v < r2 < q12, which is a
contradiction.
Suppose that X = E6(q) and H ∩ X = [q
25]:A1(q)A4(q)·(q − 1). Then v =
(q3 + 1)(q4 + 1)(q9 − 1)(q12 − 1)/(q − 1)(q2 − 1). It follows from [15] that X has
subdegrees q(q5 − 1)(q4 − 1)/(q − 1)2 and q13(q5 − 1)(q − 1)/(q − 1)2. Moreover, by
Lemma 3.6(a) and (c), the parameter r is a divisor of gcd(v − 1, |H|). Therefore,
Lemma 3.6(d) implies that r divides 6aq(q4 + q3 + q2 + q + 1), and so r2 < q16 < v,
which is impossible by Lemma 3.6(c).
We finally consider the remaining cases. Then by [2, Table 4], we easily observe
that
|v − 1|p =


q3, if X = 3D4(q) and H ∩X = [q
11]:SL2(q)·(q
3 − 1);
q2, if X = 2F4(q) and H ∩X = [q
11]:GL2(q);
q, otherwise.
(4.2)
Note by Lemma 3.3 and Remark 3.4 that there is a unique subdegree pc. Then by
Lemma 3.6, r must divide gcd(v − 1, pc), and so r divides |v − 1|p as in (4.2). Thus
v < (|v − 1|p)
2 by Lemma 3.6(c), which is impossible. For example, if X = 3D4(q)
and H ∩ X = [q11]:SL2(q)·(q
3 − 1), then v = (q8 + q4 + 1)(q3 + 1) and r divides
|v − 1|p = q
3, and so q11 < v < r2 < q6, which is a contradiction.
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Table 2. Some large maximal subgroups H of almost simple groups
G with socle X a finite exceptional simple group of Lie type.
X H ∩X lv ur Conditions
2B2(q
3) 2B2(q) q
10 q4
2G2(q) A1(q) q
2(q2 − q + 1) a(q − 1)
2G2(q
3) 2G2(q) q
14 q6
3D4(q) (q
2 + ǫq + 1)Aǫ2(q)
q
9(q8+q4+1)(q3+ǫ)
2·(q2+ǫq+1)
18a(q − ǫ)2(q2 + ǫq + 1) 3 ∤ q2 + ǫq + 1
3D4(q) (q
2 + ǫq + 1)Aǫ2(q)
q
9(q8+q4+1)(q3+ǫ)
6·(q2+ǫq+1)
48a(q2 + ǫq + 1) 3 | q2 + ǫq + 1
3D4(q) A1(q
3)A1(q) q
8(q8 + q4 + 1) 12a
3D4(q) G2(q) q
6(q8 + q4 + 1) 12a
3D4(q
2) 3D4(q) q
28 486q(q4 + q2 + 1)2 q > 4
2F4(q)
2B2(q) ≀ 2 q
14 8a
2F4(q) B2(q):2 q
15 a(q2 − 1)2/2
2F4(q
3) 2F4(q) q
52 q18
G2(q) A
ǫ
2(q) q
3(q3 + ǫ1)/2 q3 − ǫ1
G2(q)
2G2(q) q
3(q + 1)(q3 − 1) 2a(q2 − q + 1)
G2(q) A1(q)
2 q4(q4 + q2 + 1) 32a
G2(q
2) G2(q) q
14 324q(4q2 − 1) q > 7
G2(q
3) G2(q) q
28 3q3
F4(q) B4(q) q
32 2a(q4 + 1)
F4(q) D4(q) q
24/6 24(q4 − 1)
F4(q) A1(q)C3(q) q
28 a(q2 − 1)4
F4(q) C4(q) q
22 2a(q4 + 1)
F4(q) C2(q
2) q28 100a(q4 + 1)
F4(q) C2(q)
2 q29 4a(q4 − 1)2(q2 − 1)2
F4(q)
2F4(q) q
25 2a(q2 + 1)2(q4 − q2 + 1)
F4(q)
3D4(q) q
22/3 3(q8 + q4 + 1)
F4(q) A1(q)G2(q) q
34/4a2 4a2q10
F4(q
2) F4(q) q
52 4q17
F4(q
3) F4(q) q
104 6q17
Eǫ6(q) A1(q)A
ǫ
5(q) q
39/3 27q11
Eǫ6(q) F4(q) q
24/6a q8 + q4 + 1
Eǫ6(q) (q − ǫ1)D
ǫ
5(q) q
29/3 20(q − ǫ1)2(q4 + 1)
Eǫ6(q) C4(q) q
39/3 3q4
Eǫ6(q) (q
2 + ǫq + 1)·3D4(q) q
43/9 64eaq12(q2 + ǫq + 1) (ǫ, q) 6=(−, 2)
Eǫ6(q) (q − ǫ1)
2·D4(q) q
42/6 48aq4(q − ǫ1)6(q + ǫ1)4 (ǫ, q) 6=(+, 2), e = 1
Eǫ6(q) (q − ǫ1)
2·D4(q) q
44/288 28 · 32(q − ǫ1)6 (ǫ, q) 6=(+, 2), e = 3
Eǫ6(q
2) Eǫ
′
6 (q) q
78 18q25 ǫ = +
Eǫ6(q
3) Eǫ6(q) q
156 18q43
E7(q) (q − ǫ1)E
ǫ
6(q) q
48 3(q9 − ǫ1)
E7(q) A1(q)D6(q) q
49 12(q2 − 1)(q8 − 1)
E7(q) A
ǫ
7(q) q
63 3(q − ǫ1)2(q + ǫ2)
E7(q) A1(q)F4(q) q
53/8a2 212a8q4(q2 + 1)2(q4 + 1)
E7(q
2) E7(q) q
133 4q49
E7(q
3) E7(q) q
266 6q43
E8(q) A1(q)E7(q) q
109 4q16
E8(q) D8(q) q
124 aq52
E8(q) A
ǫ
2(q)E
ǫ
6(q) q
156 2aq47
E8(q
2) E8(q) q
248 12q89
E8(q
3) E8(q) q
496 18q69
Note: The value lv in the third column is a lower bound for parameter v. The value ur in the fourth column is an
upper bound for the parameter r. Here ǫ = ±, ǫ′ = ± and e = gcd(3, q − ǫ1).
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Table 3. Some large maximal non-parabolic subgroups H of almost
simple groups G with socle X a finite exceptional simple group of Lie
for small q.
X H ∩X v r divides
2B2(8) 13:4 560 156
2B2(32) 41:4 198400 820
2G2(4)
2G2(2) 20800 12096
2G2(9)
2G2(3) 5321700 4245696
2G2(16)
2G2(4) 285282304 503193600
2G2(25)
2G2(5) 6348062500 5859000000
3D4(2) 7
2:SL2(3) 179712 3528
3D4(4)
3D4(4) 320819200 634023936
3D4(9)
3D4(3) 25143164583300 61682494700736
2F4(8) SU3(8):2 8004475184742400 99283968
2F4(8) PGU3(8):2 8004475184742400 99283968
G2(3) 2
3·A2(2) 3528 192
G2(4) A1(13) 230400 2184
G2(4) J2 416 1209600
G2(5) G2(2) 484375 12096
G2(5) 2
3·A2(2) 4359375 1344
G2(7) G2(2) 54925276 12096
G2(11) J1 2145199320 175560
F4(2)
3D4(2) 15667200 422682624
F4(2) D4(2) 3168256 1045094400
F4(2) Alt9 18249154560 362880
F4(2) Alt10 1824915456 3628800
F4(2) A3(3)·2 272957440 24261120
F4(2) J2 2737373184 1209600
F4(2) (Sym6 ≀ Sym2)·2 3193602048 2073600
E7(2) Fi22 123873281581429293827751936 64561751654400
E7(2) A
+
7 (2) 373849134340755161088 21392255076846796800
E7(2) A
−
7 (2) 268914162119825424384 29739884203317657600
E7(2) E
−
6 (2) 2488042946297856 3214364146718543865446400
E−6 (2) J3 253925177425920 301397760
E−6 (2) Alt12 319549996007424 1437004800
E−6 (2) B3(3):2 16690645565440 55024220160
E−6 (2) Fi22 1185415168 387370509926400
E−6 (2) D
−
5 (2) 1019805696 75046138675200
